We have optimized the parameters of extended relativistic mean-field model using a selected set of global observables which includes binding energies and charge radii for nuclei along several isotopic and isotonic chains and the iso-scalar giant monopole resonance energies for the 90 21.65+f,24.30.Cz,21.60jz,26.60.+c 
I. INTRODUCTION
The concept of effective field theory has provided a modern perspective to the relativistic mean-field (RMF) models [1, 2] . The extended RMF models, motivated by the basic ideas of effective field theory, are obtained by expanding the energy density functional in powers of the fields for scalar-isoscalar (σ), vector-isoscalar (ω) and vector-isovector (ρ) mesons and their derivatives upto a given order ν . The extended RMF model thus includes the contributions from all possible self and cross coupling interaction terms for σ, ω and ρ mesons in addition to the cubic and quartic self interaction terms for σ meson as present in the conventional quantum hydrodynamic based relativistic mean field models [3, 4] . The parameters (or the expansion coefficients) appearing in the energy density functional of the extended RMF model are so adjusted that the resulting set of nuclear observables agree well with the corresponding experimental data. The extended RMF models containing terms upto the quartic order (ν = 4) can be satisfactorily applied to study the properties of finite nuclei. Inclusion of next higher order terms improves the fit to the finite nuclear properties only marginally. Even high density behaviour of the equation of state (EOS) of nucleonic matter is predominantly controlled by the quartic order ω meson self-coupling [5] . The effects of higher order terms on the high density behaviour of EOS are found to be only modest to negligible. We would like to mention that the density dependent meson exchange [6] [7] [8] [9] and density dependent point coupling [10] versions of the RMF models are also very successful in describing the ground state properties of the finite nuclei.
There have been several parameterizations [2, [11] [12] [13] [14] [15] of extended RMF models. Earlier parameter sets G1, G2 and TM1* were generated by considering almost all the terms upto the quartic order. These parameterizations yield strong linear density dependence of the symmetry energy coefficient and the nuclear matter incompressibility coefficient is either little too low or quite high. Later, FSU parameterization [16, 17] demonstrated that the linear density dependence of the symmetry energy and the nuclear matter incompressibility coefficient can be reasonably obtained simply by appropriately adjusting the strengths of the ω − ρ cross-coupling and the ω meson self-coupling terms of the extended RMF model. For the FSU parameters, the limiting mass of the neutron star is only 1.7M ⊙ which is somewhat smaller than the currently proposed limit of 2M ⊙ [18] . The value of the limiting mass of neutron stars could be significantly increased by changing ω meson self-coupling strength within a reasonable range [5] . In Refs. [19, 20] , we have shown that the strength of ω meson self-coupling can be varied in such a way that the limiting mass of the neutron stars ranges from 1.7 -2.4M ⊙ , and still bulk properties of the finite nuclei and nuclear matter at saturation density remain practically unaffected.
Recently, IUFSU parameter set [21] of the extended RMF model is obtained by readjusting the strength of the ω − ρ cross-coupling and ω meson self-coupling in such a way that the neutron skin of 208 Pb nucleus is 0.16 fm and limiting neutron star mass is ∼ 2.0M ⊙ .
The remaining parameters of the model, instead of fitting to the bulk properties of the finite nuclei, were tuned to yield the properties of the nuclear matter at the saturation density which are very much close to those for the FSU parameters. The EOSs for the symmetric nuclear matter (SNM) and the pure neutron matter (PNM) obtained for the IUFSU parameters, in the density range 2.5 − 4.5ρ 0 (ρ 0 = 0.16 fm −3 ), agree reasonably with the ones extracted by analyzing the heavy-ion collisions data. However, energy per neutron for the PNM at sub nuclear densities seems somewhat larger in comparison to those obtained from the various microscopic approaches. The EOS for the β-equilibrated neutron rich matter at high densities is softer than those deduced from the neutron star observables. The FSU or IUFSU like parametrizations do not include the contributions from the ω − σ cross-coupling terms. The presences of these terms might improve the high density behaviour of the EOS of the nucleonic matter. Nevertheless, influence of such cross-coupling on the high density behaviour of EOS for the nucleonic matter remain largely unexplored.
The objective of present work is twofold. We would like to optimize the extended RMF model using a large set of experimental data on binding energies and charge radii instead of those for just a few closed shell nuclei as normally done. Our data set consists of the binding energies and charge radii for the nuclei along several isotopic and isotonic chains.
The values of the constrained energies for the isoscalar giant monopole resonance (ISGMR)
for the 90 Zr and 208 Pb nuclei are also considered in our fit. Further, the model parameters are constrained by available informations on the energy per neutron for the dilute neutron matter and bounds on the EOSs for the SNM, PNM and the β-equilibrated neutron rich matter at supra-nuclear densities. Another objective of the present work is to investigate whether the inclusion of ω − σ cross-coupling can improve the situation encountered by FSU or IUFSU like parameterizations.
The paper is organized as follows. The extended RMF model is outlined briefly in Sec. II.
The fit observables and the constraints employed to optimize the extended RMF model are discussed in Sec. III. In Sec. IV we present two newly generated parameter sets and several bulk properties for the symmetric nuclear matter at saturation density. In Sec. V we discuss our results for the EOSs for the nuclear and neutron star matters and compare them with those for few existing parameterization of the extended RMF model. The results for the bulk properties of finite nuclei and neutron stars obtained using our newly generated parameter sets are presented in Secs. VI and VII. Finally, summary and out look are presented in Sec.
VIII.
II. THE EXTENDED RMF MODEL
The derivations of the effective Lagrangian density and corresponding energy density functionals for the extended RMF model are well documented in Refs. [1, 2, 12] . The effective Lagrangian density used in the present work can be written as [2, 5] ,
where the Lagrangian L N M describing the interactions of the nucleons through the mesons is,
Here, the sum is taken over the neutrons and protons and τ are the isospin matrices. The
Lagrangian describing self interactions for σ, ω, and ρ mesons can be written as,
The ω µν , ρ µν are field tensors corresponding to the ω and ρ mesons, and can be defined as
The cross interactions of σ, ω, and ρ mesons are described by L σωρ which can be written as,
One also needs to include the contributions from the electromagnetic interaction in the case of finite nuclei. The Lagrangian density L em for the electromagnetic interaction can be written as,
where, A is the photon filed and
The equation of motion for nucleons, mesons and photons can be derived from the Lagrangian density defined in Eq.(1). The contributions from Eq. (7) are included only for the case of finite nuclei.
It can be seen that there are five cross-coupling terms in Eq. (6) . Two of them are the cubic order terms of the ω − σ and σ − ρ cross-couplings and three quartic order terms corresponding to the ω − σ, σ − ρ and ω − ρ cross-couplings. The cross-coupling terms involving ρ-meson field enables one to vary the density dependence of the symmetry energy coefficient and the neutron skin thickness in heavy nuclei over a wide range without affecting the other properties of finite nuclei [20, 22, 23] . The contribution from the ω − σ crosscouplings and self coupling of ω-mesons play important role in varying the high density behaviour of the EOSs and also prevents instabilities in them [5, 11, 13] . It may be noted from Eq. (5) that the contributions of the self-coupling of ρ mesons are not considered.
Because, expectation value of the ρ-meson field is order of magnitude smaller than that for the ω-meson field [2] . Thus, inclusion of the ρ-meson self interaction can affect the properties of the finite nuclei and neutron stars only very marginally [5] .
We would like to briefly outline the manner in which the corrections to the binding energies arising from the center of mass motion, pairing and quadrupole correlations are incorporated. The spurious center of mass energy E cm is evaluated as [24] ,
The above estimate for the E cm is obtained by fitting the the full center of mass correction calculated microscopically for several nuclei. We include the corrections to the binding energy due to the pairing correlations when the nucleon numbers are non-magic. The contributions from the pairing correlations are evaluated in the constant gap approximation with the gap [25] ,
The pairing correlation energies for a fixed gap ∆ is calculated using the pairing window of 2 ω = 82A −1/3 MeV. Soft nuclei and deformed nuclei can develop substantial contributions from quadrupole correlations [26] . We use a simple estimate for the quadrupole correlation energy or rotational correction as,
where β 2 is the nuclear quadrupole deformation and m * is the nucleon effective mass in bulk equilibrium matter. This estimate has been extracted by studying the microscopically computed trends of E rot for a wide variety of Skyrme-Hartree-Fock parameterizations [27] .
The rotation corrections are included only for the nuclei with β 2 > 0.05. The Eq. (10) is not relevant for the fitted nuclei as all of them are spherical. But, we shall need it for the binding energy systematics which is obtained by calculating the binding energies for known even-even nuclei and some of them are well deformed. To this end, we may point out that the contributions from the Coulomb exchange terms are ignored.
III. FIT OBSERVABLES AND SOME CONSTRAINTS
The parameters for most of the conventional and extended RMF models are obtained by fitting the binding energies and charge rms radii only for few closed shell nuclei [12, 13, 16, 28, 29] . We fit the parameters of the extended RMF model to the experimental data for the binding energy, charge rms radius and energy for ISGMR. We use the binding energies for 62 nuclei and charge radii for 50 nuclei as listed in the Tables I and II . These nuclei lie along several isotopic and isotonic chains. The errors on the binding energies and charge rms radii used for the chi-square minimization are also given in these tables. The same set of nuclei are used in Ref. [30] to obtain a set of systematically varied Skyrme forces. The experimental data for the ISGMR constrained energies included in our fit are 17.81 MeV for the 90 Zr nucleus and 14.18 MeV for the 208 Pb nucleus [31] with the theoretical error taken to be 0.2 MeV. We also constrain the model parameters, using some available informations on the EOS for the nuclear and neutron star matter at supra-nuclear densities together with energy per neutron for the dilute neutron matter.
The EOSs for the SNM and the PNM are available in terms of the pressure versus density [32] . We considered 6 data points for each of these EOSs over the density range ρ = 2.0 − 4.5ρ 0 . The EOS for the β− equilibrated neutron rich matter are available in terms of pressure versus energy density [33] . We consider 32 data points for this EOS for the energy density ranging from 150 − 1600 MeVf m −3 . The theoretical error on the pressure is taken to be 25% of its required value. The realistic EOSs for the dilute neutron matter are available in terms of the energy per neutron versus neutron density [34] . For this case we take 8 data points over the range of neutron density ρ n = 0.1 − 0.3ρ 0 . The theoretical errors used for the energy per neutron is 0.05 MeV.
IV. NEW PARAMETRIZATIONS AND NUCLEAR MATTER PROPERTIES
We have obtained two different parameter sets of the extended RMF model. We name them as 'BSP' and 'IUFSU*', later one being the variant of recently proposed IUFSU parameter set. The name BSP for one of our parameter set is derived from the initials of the authors of the present work. The parameter set BSP includes contributions from ω − σ and ω − ρ cross-couplings. The parameter set IUFSU* includes the contributions from ω meson self-coupling and ω − ρ cross-coupling. In other words, the high density behaviour of the EOS for the parameter set BSP is governed by the quartic order ω − σ cross-coupling.
Whereas, in case of the IUFSU* it is governed by the ω meson self-coupling. For the IUFSU* set, the strength ζ 0 for the ω meson self-coupling is such that ζ 0 /g 2 ω = 0.03 same as that for the IUFSU parameterization. This value of ζ 0 yields optimum behaviour for the EOSs of the SNM, PNM and neutron star matter at high densities. Similarly, for the BSP parameterization, the value of η 2 is adjusted to optimize the EOSs for the nuclear and neutron star matter at high densities. The strength η 2ρ of the ω − ρ cross-coupling (Eq. (6)) is adjusted to yield reasonable agreement with the energy per neutron for the dilute neutron matter for both the BSP and IUFSU* parameter sets. The remaining parameters of the model are obtained by fitting the binding energies and charge rms radii of the nuclei as listed in Tables   I and II . The best fit parameters are searched using the simulated annealing method which has been applied to determine the parameters of the extended RMF model and Skyrme type effective forces [19, 35, 36] . In Table III , we list the values for the newly generated parameter sets. We have given the values for the G1, G2, TM1* and NL3 parameter sets. They will be used to compute the EOSs for the infinite nuclear matter and the neutron star matter for the comparison with those obtained for the newly generated parameter sets. It must be pointed out that some of the coupling parameters of the parameter sets BSP, IUFSU* and IUFSU are quite different from the unity or equivalently they show significant deviations from the naturalness. This is clearly due to the fact that not all the terms upto the quartic order are considered. So, the reduction in the number of the parameters is possible only at the cost of their naturalness.
In Table IV we list the values of various quantities associated with nuclear matter calculated at the saturation density. These quantities are evaluated as follows,
where, E(ρ, δ) is the energy per nucleon at a given density ρ and asymmetry δ = (ρ n −ρ p )/ρ.
The incompressibility coefficient K together with K sat,2 at the saturation density can yield the value of incompressibility coefficient for asymmetric nuclear matter [37] . One can use the values of E sym , L and K sym at the saturation density to evaluate the density dependence of the symmetry energy coefficient which in turn can yield the EOS for asymmetric nuclear matter [37] . It can be seen from Table IV that values of E sym and L are quite high for the G1, G2, TM1* and NL3 parameterizations in comparison to those for BSP, IUFSU* and IUFSU parameter sets.
V. EQUATIONS OF STATE
We now compare our results for the EOSs for SNM, PNM and β-equilibrated neutron rich matter with those obtained for a few existing parameterizations of the extended RMF model. As a customary we also compare our results with those for the NL3 parameter set of the conventional RMF model which includes non-linear terms only for the σ-mesons. It may be instructive to first look into the density dependence of the symmetry energy coefficient E sym and its slope L as they play predominant role in understanding the behaviour of the EOSs for the PNM and the beta equilibrated neutron rich matter. In Figs. 1 and 2 we plot the density dependence of E sym and it's slope L for various parameterizations of the extended RMF model as listed in Table III . The inset in Fig. 1 highlights the behaviour of E sym at sub-nuclear densities. The G1, G2, TM1* and NL3 parameterizations yield stiffer symmetry energy at supra-nuclear densities. Whereas, at densities ρ < 0.1 fm −3 , these parameter sets yield softer symmetry energy. We find that E sym = 30.0, 30.9 and 31.8
MeV and L = 53.9, 53.9 and 49. extracted from the experimental data on the iso-vector giant dipole resonance [39, 40] .
In Fig. 3 we plot the energy per neutron for the PNM at low densities. We compare these results with those calculated using various microscopic approaches [34] In Fig. 6 , EOSs for the beta equilibrated neutron rich matter are plotted in terms of pressure versus energy density. Various bounds on the EOSs as depicted by shaded regions are extracted by the neutron star observables [33] . The orange and the black boundaries of the shaded regions are the EOSs within 1σ and 2σ limits, respectively. It appears at first glance that, except for the NL3 parameter set, all the other parameterizations yield similar trends for the EOS of the beta equilibrated neutron rich matter. Most of the EOSs calculated using extended RMF model lie within 1σ limit for the energy densities approximately 500 − 700 MeV/fm 3 . Only the EOS corresponding to the BSP parameterization stays either within or very close to its 1σ limit up to very heigh energy densities. In fact, if we consider only the best performers, i.e., BSP, IUFSU* and IUFSU parameterizations, it can be seen that at very high energy densities ǫ 900 MeV/fm 3 , the EOSs for IUFSU* and IUFSU tend to go below the 1σ limit EOS and eventually crosses 2σ limit. We may recall that the high density behaviour for the BSP parametrization is governed by the quartic order ω − σ cross-coupling, whereas, for the IUFSU* parametrizations it is governed by the ω-meson self-coupling. Thus, the improvement in the high density behaviour of the EOS for the BSP parameter set is indicative of the importance of the contributions of the quartic order ω − σ cross-coupling.
VI. FINITE NUCLEI
We have computed some bulk properties of finite nuclei using the BSP, IUFSU* and IUFSU parameter sets of the extended RMF model. The binding energies for 513 known even-even nuclei are calculated to get the binding energy systematics. In Fig. 7 we display our results for the binding energy systematics in terms of errors δB given as,
where, B th and B exp are the theoretical and experimental values for the binding energy. We have indicated the present state of the art by ±1 MeV error bars. The binding energy is better described in case of BSP and IUFSU* in comparison to that for the IUFSU case. We calculate the rms error for the binding energies using the results for all the 513 even-even nuclei as considered in the present work. These rms errors as given in the parenthesis in the units of MeV are: BSP (2.7), IUFSU*(2.6) and IUFSU (5.7). It is to be noted that the rms error on the binding energy for our newly generated parameter sets BSP and IUFSU* are smaller by more than twice in comparison to that for the IUFSU. We would like to emphasize, this significant improvement is obviously due to the fact that we have optimized our model using the bulk properties of the large number of finite nuclei, unlike, the IUFSU parameters as discussed in Sec. I. In Ref. [27] , we presented the binding energy systematics for the BSR4 parameter set of the extended RMF model in which almost all the terms present in Eq. (6) were included. The rms error on the binding energy for the BSR4 parameter set is 2.6 MeV. This indicates that the terms ignored in the present work might have only small bearing on our results. To be more precise, the terms ignored in the present work at best could improve only the naturalness of the parameters. We do not show our results for the charge radii, since, their values for the BSP, IUFSU* and IUFSU parametrizations are very much similar. The rms error for the charge radii calculated using the nuclei considered in the fits is ∼ 0.02 fm for all the three cases.
We calculate the constraint energy E con for the ISGMR as,
where, m 1 and m −1 are the energy and inverse energy weighted moments of the ISGMR strength function. The fully self-consistent and highly accurate values for m 1 and m −1 are calculated for non-relativistic mean-field models in Ref. [41] . We follow similar strategy to evaluate m 1 and m −1 . Once the mean-field equations are solved, the m 1 can be expressed in terms of the ground state density ρ as,
where,
The moment m −1 can be evaluated via constrained RMF approach and is given as,
where, r 2 λ is calculated using Eq. (21), but, the density ρ(r) is now obtained from the solutions of the constrained single-particle Hamiltonian H λ = H − λr 2 .. We have compared our values of the E con for 208 Pb nucleus for the NL3 and FSU forces with those obtained within the RPA approach [42] . The values of E con for both of these approaches differ at most by 0.04 MeV. The values of E con for several nuclei are compared with corresponding experimental data in Fig. 8 . The overall trends for E con for all the three parameter sets of the extended RMF model as considered are quite similar.
The neutron skin, R n − R p , the difference between the rms radii for the point neutrons and protons density distributions, is calculated using BSP, IUFSU* and IUFSU parameter sets. In Fig. 9 , the values of R n − R p for the several tin isotopes are compared with the corresponding experimental data [39, [43] [44] [45] [46] [47] . −0.02 fm deduced very recently from the correlations of the dipole polarizability and the neutron-skin [48, 49] as well as with 0.175 ± 0.02 fm as estimated using the Skyrme Hartree Fock results [50] .
VII. NEUTRON STARS
The mass-radius relation of neutron star is important to understand the high density behavior of hadronic EOS. To this end, some static neutron star properties are calculated by solving Tolman Oppenheimer Volkov (TOV) equation. The outer crust region of the neutron star is described using the EOS of Rüster et al. [51] . This EOS is the recent update of the one given by Baym, Pethick, and Sutherland [52] . Due to the fact that the detailed EOS of inner crust indeed is not yet certain, the polytrophic pressure-energy density relation is used to interpolate the EOS for the region between outer crust and the core [21] .
The core is assumed to be composed of either the nucleonic or the hyperonic matter in β−equilibrium. The EOS of the core is obtained from the different parameter sets of the extended RMF model as discussed in Sec. IV. The meson-hyperon coupling constants as required to compute the hyperonic EOS are taken from Refs. [20, 53, 54] . In Fig. 10 the mass-radius relations predicted by IUFSU, IUFSU* and BSP parameter sets are plotted using their nucleonic and hyperionic EOSs. For comparison we also show the observational constraints extracted from the analysis of Refs. [33, 55] as well as the recent larger pulsar mass observed [18] .
In the case of nucleonic EOS, the BSP and IUFSU* parameter sets predict slightly larger maximum mass compared to the ones of IUFSU. However, the BSP parameter set yields the radius R 1.4 for the neutron star with the canonical mass (1.4M ⊙ ) which lies in between those for the IUFSU* and IUFSU sets. The maximum mass predicted by each parameter set is in the range of the constraint region predicted by larger pulsar mass observation [18] .
BSP and IUFSU* predictions still also touch the upper part of 2 σ region extracted from the analysis of Steiner et al . [33] . While the threshold density for the direct URCA process and its corresponding mass M DU as well as the transition density from core to inner crust and its corresponding pressure predicted by BSP and IUFSU* parameter sets are quite close to the ones predicted by IUFSU (see Table V ).
The hyperonic star properties predicted by BSP are quite similar to the ones of IUFSU* except that the BSP parameter set predicts relatively smaller maximum mass radius compared to that of IUFSU*. On the other hand by comparing the particle fraction of BSP (right panel) and IUFSU* (left panel) of Fig. 11 , it can be seen that they have similar pattern, only the Σ 0 of BSP appears rather earlier i.e., at ρ B ∼ 9 ρ 0 then that of IUFSU* i.e., at ρ B ∼ 10 ρ 0 . Thus beside difference in nonlinear term used in both parameter sets which is discussed in previous section, the difference in the number of Σ 0 predicted by both parameter sets might also influence maximum mass radius predictions. The mass-radius relationship as obtained using the nucleonic EOSs of the core are in better agreement with the region extracted from the analysis of Steiner et al . [33] . However, the maximum mass predicted by both parameter sets are still too small compared to the mass of pulsar J1614-2230. The effects of the presence of hyperons in maximum mass and Direct Urca mass predictions of both parameter sets can be seen in Table V .
VIII. SUMMARY AND OUTLOOK
We have optimized the extended RMF model using a large set of experimental data for the bulk properties of finite nuclei. The nuclear bulk properties included in the fit are the binding energies and charge radii of the nuclei along several isotopic and isotonic chains and the ISGMR energies for the 90 Zr and 208 Pb nuclei. The density dependence of the symmetry energy coefficient is constrained by energy per neutron for the dilute neutron matter calculated in a microscopic approach. The model parameters are further constrained by the observational bounds on the EOS of SNM, PNM, and beta equilibrated neutron rich matter at supra-nuclear densities. Two different parameter sets named BSP and IUFSU* are obtained. Later one being the variant of recently proposed IUFSU parameter set. The main difference between the BSP and the IUFSU* is that, in case of BSP the high density behaviour of the EOS is controlled by ω − σ quartic order cross-coupling and in case of the IUFSU* it is governed by the ω meson self-coupling. We see significant improvement in the binding energy systematics (Fig. 7 ) and the energy per neutron for the dilute neutron matter (Fig. 3) over those for the IUFSU parameter set. The EOS for the beta equilibrated matter for the BSP parameter set (Fig. 5) lie within or very close to its 1σ limit bounds extracted using neutron star observables. These EOSs for the cases of IUFSU* and IUFSU show somewhat larger deviations. In particular, the pressure at higher energy densities (ǫ > 900
MeV/fm 3 ) tend to become increasingly lower than the lower bound of the 1σ limit so much so that it eventually crosses the 2σ limit. This difference in the high density behaviour of the EOSs for the BSP and IUFSU* indicates importance of the contributions of the quartic order ω − σ cross-coupling, as often ignored.
We find that the BSP and IUFSU* yield the symmetry energy coefficient that in the present work we do not include the contributions from the δ mesons which are important in order to explain the splitting of proton and neutron effective masses [56] . The δ meson also influences the high density behaviour of the asymmetric nuclear matter. The work along this lines is underway. The shaded region represents the observational constraints taken from Ref. [33] . The orange and the black boundaries of the shaded regions are the EOSs within 1σ and 2σ limits, respectively. 
